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Time evolution with the dynamical map
Map needs to be CPTP! 

We adopt the definition for Markovianity as CP-divisibility:

For a time-local master equation Markovianity implies the 
Lindblad form with non-negative rates for all times:
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Theory of the transmon: J. Koch et al., Phys Rev. A 76, 042319 (2007)
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generally much larger than the dilution refrigerator tempera-
ture,  T  (i.e.,  hf  01  >>  k  B  T , where  h  is Plank’s constant and  k  B  
is the Boltzmann constant). Hence, the dominant T 1 -process 
here is energy emission to the environment coinciding with 
the qubit relaxing from the excited state to the ground state. 
The second is the transverse relaxation rate (decoherence 
rate)  Γ  2  = 1/T 2 , which characterizes the time T 2  over which the 
device remains phase coherent; it is related to both the pure 
dephasing time T  φ   (i.e., a blurring of the relative phase in a 
quantum superposition state) and T 1  (i.e., losing the excited-
state component of a quantum superposition state is a phase-
breaking process). 

 Spectacular improvement in the capabilities of supercon-
ducting qubits over the past decade has brought these qubits 
from a scientifi c curiosity to the threshold of technological 
reality.  7   (see  Figure 1d  and   Figure 2  ) Many individual ef-
forts contributed to this improvement, starting with the dem-
onstration of nanosecond-scale coherence in a Cooper pair 

box (a charge qubit) by Nakamura and co-workers 
in 1999.  8   In 2002, Vion et al.  9   developed the 
quantronium qubit (a modifi ed charge qubit) with 
a T 2  coherence time of hundreds of nanoseconds 
based on the concept of design and operation 
at fi rst-order noise-insensitive bias points. 
Burkard et al.  10   elucidated the importance 
of symmetry in qubit designs, which in con-
junction with Bertet et al. brought persistent-
current fl ux qubit coherence times into the 
few microseconds range.  11   In 2005–2006, 
Ithier et al.  12   and Yoshihara et al.  13   extensively 
measured the noise properties of quantro-
nium and fl ux qubits, respectively, to better 
understand the sources of decoherence. The 
“transmon” qubit developed by Schoelkopf 
and co-workers signifi cantly reduced the 
charge sensitivity of the Cooper pair box 
by adding a shunt interdigitated capacitor, 
which would later bring microsecond times 
to the cavity-QED (quantum electrodynamic) 
architecture.  14 , 15   An MIT/NEC group increased 
T 2  above 20  µ s with a persistent-current fl ux 
qubit in a 2D geometry using dynamical 
decoupling sequences,  16   and the 3D-cavity 
approach developed at Yale  17   and now used 
by several groups has further increased this 
time to around 100  µ s.  18   More recently, improve-
ments in substrate preparation and materials 
choices, addressing issues elucidated by the 3D 
geometries, have led to improved coherence 
of 2D geometries.  19 , 20   This fi ve-orders-of-
magnitude improvement in the primary single-
qubit metric can be justly termed a “Moore’s 
Law for quantum coherence,”  21   approaching 
levels required for a certain class of fault-tolerant 
quantum error correction codes.  22 – 24   In addition, 

the control of single  25 – 29   and coupled  30 , 31   qubits has also advanced, 
with reports of gate fi delities as high as 99.85%.  28 , 29       

 There is a general consensus within the community that 
understanding and further mitigating sources of decoher-
ence in superconducting qubits (  Figure 3  ) is one key to more-
advanced circuits and systems engineering. Indeed, coherence 
times should be made as long as possible, as exceeding 
the thresholds for quantum error correction will consid-
erably reduce the resource requirements. Both T 1  and T  φ   
are related to the environmental noise seen by the qubit, as 
characterized by a spectral density,  S (      f      ), and much is known 
about this noise. For example, inhomogeneous dephasing 
arises from broadband, low-frequency (e.g., 1/ f -type) noise in 
the charge, fl ux, and critical current. However, although it is 
consistent with a bath of two-level fl uctuators (or clusters of 
fl uctuators), its microscopic origin is not yet well understood. 
Energy relaxation occurs due to noise at the qubit frequency, 
 S ( f  01 ), and design modifi cations can change the sensitivity 

  

 Figure 1.      Superconducting qubits and their coherence. (a) The three fundamental 
superconducting qubit modalities: charge, ! ux, and phase. Each includes one or more 
Josephson junctions (shown in red). Illustration by Corey Reed, adapted from Reference 3. 
(b) The Josephson junction acts as both an inductor,  L  J , and capacitor,  C  J . External inductors 
and capacitors,  L  ext  and  C  ext , can be added to modify the qubit’s potential energy 
landscape and reduce sensitivity to noise. (c) Because the Josephson junction inductance 
is nonlinear, the qubit potential is anharmonic. The qubit comprises the two-lowest states 
and is addressed at a unique frequency,  f  01 . (d) 15 years of progress in qubit coherence times, 
reminiscent of Moore’s Law for semiconductor electronics. On average, the doubling rate for 
coherence times in superconducting qubits is about once per year. Improvements have been 
driven by both new device designs and materials advances. Qubit modalities represented 
include charge,  8   quantronium,  9   ! ux,  83   2D transmon,  15   ! uxonium,  84   and 3D transmon  17   qubits.    
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Physical hardware modeled
by a lumped circuit.

Open system Hamiltonian:
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Driven qubit Impedance,
Caldeira-Leggett
boson bath

Transverse noise

We apply the time-convolutionless projection technique 
to the composite qubit-environment Hamiltonian
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10Only approxima,on used: Born!
Decoherence matrix exhibits a
nega,ve eigenvalue for all ,mes:
eternal non-Markovianity!

Solu,on of the master equa,on
as a dynamical map:

Positve semidefinite Choi matrix – complete positivity ☑

Idle qubit evolution through the expectation value

Markovian case: exponentially decaying precession with the qubit frequency. 
Non-Markovian effects: recoherence, additional precession frequencies!
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Non-exponential
decay function,
Periodic recoherence 
through negative decay 
rates!

Spectral properties reveal higher 
harmonics in the qubit precession.
Shape and height of the peaks depend 
on the initial condition, memory!

Ref: Oliver, W. & Welander, P. , MRS Bulletin, 38(10), 816-825. (2013)
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1.   Initialize |0⟩
2.   Rotate around Y by 𝜋/2
3. Delay time 𝑡!
4.   Rotate around Y by −𝜋/2
5. Measure state

Smoking-gun experiment
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Imbalance of probabilites
due to non-Markovianity

For a transmon qubit with 𝑇! ≈ 10𝜇𝑠

Markovian expectation: probability of measuring 0 is equal!
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3. Delay time 𝑡!
4.   Rotate around X by 𝜋/2
5. Measure state
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